Identification and control of topological phases in topological thin films offer great opportunity for fundamental research and the fabrication of topology-based devices. Here, combining molecular beam epitaxy, angle-resolved photoemission spectroscopy and ab-initio calculations, we investigate the electronic structure evolution in (Bi1-xInx)2Se3 films (0≤x≤1) with thickness from 2 to 13 quintuple layers. We identify several phases with their characteristic topological nature and evolution between them, i.e., dimensional crossover from a three-dimensional topological insulator with gapless surface state to its two-dimensional counterpart with gapped surface state, and topological phase transition from 2 topological insulator to a normal semiconductor with increasing In concentration x.
Identification and control of topological phases in topological thin films offer great opportunity for fundamental research and the fabrication of topology-based devices. Here, combining molecular beam epitaxy, angle-resolved photoemission spectroscopy and ab-initio calculations, we investigate the electronic structure evolution in (Bi1-xInx)2Se3 films (0≤x≤1) with thickness from 2 to 13 quintuple layers. We identify several phases with their characteristic topological nature and evolution between them, i.e., dimensional crossover from a three-dimensional topological insulator with gapless surface state to its two-dimensional counterpart with gapped surface state, and topological phase transition from 2 topological insulator to a normal semiconductor with increasing In concentration x.
Furthermore, by introducing In alloying as an external knob of band gap engineering, we experimentally demonstrated the trivial topological nature of Bi2Se3 thin films (below 6 quintuple layers) as two-dimensional gapped systems, in consistent with our theoretical calculations. Our results provide not only a comprehensive phase diagram of (Bi1-xInx)2Se3
and a route to control its phase evolution, but also a practical way to experimentally determine the topological properties of an gapped compound by topological phase transition and band gap engineering.
One of the central goals of modern condensed matter physics is to realize novel quantum phases of matter and develop practical control over their properties, holding promise for new generation of photonic, electronic and energy technologies. Topological insulators (TIs) are new phases of quantum matter with unique bulk band topology and surface states protected by certain symmetries. [1] [2] [3] For example, the strong TIs, 4 classified by a topological Z2 invariant v0 = 1, are protected by time-reversal symmetry and thus possess metallic surface states at the boundary to a trivial insulator 5, 6 (e.g., band insulator or vacuum, v0 = 0) with an odd number of Dirac cones. The discovery of the TIs has led to the prediction and realization of other new topological states including topological crystalline insulator (TCI), 3 thin films cannot tell the sign of the hybridization gap, 15 while transport experiments have to suffer the bulk conductivity because of the intrinsic n-type doping. 18, 19 Therefore, no conclusive answer to the question has been drawn yet.
To understand the topological nature of a new quantum phase, a powerful approach is to study its evolution from an understood phase through phase transition. Topological phase transition (TPT) refers to transition from one topologically nontrivial phase to another or to a topologically trivial phase, and vice versa. The realization of TPT involves utilization of structural or compositional degrees of freedom as an external "knob", such as alloying a normal insulator (NI) with TI components or applying strain or electric field to a NI, attempting to induce thereby band inversion. Furthermore, the general picture of TPT in (Bi1-xInx)2Se3 still contains controversial description on the band structure evolution concerning whether it is a linear gap-closure 19, 22, 23 or a sudden gap-closure scenario. 24 In this work, we study the topology and TPT of ultrathin Bi2Se3 films by employing structural and compositional "knobs". Using molecular beam epitaxy (MBE) we have grown high-quality indium doped Bi2Se3 films ((Bi1-xInx)2Se3) with thickness ranging from 2 QLs to 13 QLs, and In substitution x from 0 to 1. Systematic in situ ARPES measurements have been performed to monitor the evolution of both bulk and surface band structure. A dimension (thickness)-substitution phase diagram has been drawn. In this phase diagram, we have identified several different quantum 5 states, i.e., 3D TI with gapless surface states and its 2D counterpart hosting hybridization-induced gapped surface states (hereafter referred to as 2D GSS) below the critical substitution concentration (x≤5%), and NI state (9%≤x≤100%). The dimensional crossover from 3D TI to 2D GSS is driven by both SOC and surface state hybridization, and thus can be manipulated through bulk band gap engineering by either thickness control or substitution control, while the transition from 3D TI or 2D GSS to NI is driven solely by SOC, independent of film thickness. More importantly, we illustrate that one can create a phase evolution process by introducing an external knob and monitor the existence of TPT in order to determine the topological nature of the initial phase. Our ARPES-measured gap evolution of thin film (Bi1-xInx)2Se3 (e.g., 4 QLs) by tuning the amount of In alloying shows a monotonic increasing feature, indicating that as 2D systems, the 2D GSS films, particularly Bi2Se3 ultrathin films with an observable hybridization gap (i.e., 1-5 QLs) are all topologically trivial. Such results are confirmed by our DFT calculated Z2 invariants by using hybrid correlation-exchange functional. Our findings provide a practical way to control the dimensional crossover of the topological phase evolution in (Bi1-xInx)2Se3 ultrathin films by composition alloying, which is critical for potential device application. Furthermore, we provide an effective way to experimentally determine the topological nature of an insulating phase by monitoring the band gap evolution under the tuning of an external knob, such as SOC and tensile strain. 
Results
Growth and characterization of (Bi1-xInx)2Se3 thin films. (Bi1-xInx)2Se3 films with variable thickness (2,4,7,10 and 13 QLs) were grown by MBE on single-layer graphene, prepared by graphitizing a SiC substrate 27 . For each thickness, x varies from 0% to 100%. The Bi flux was calibrated by measuring the thickness of as-grown Bi2Se3 films using scanning tunneling microscopy (STM) and atomic force microscopy (AFM). Then the Bi flux was fixed. The In flux was calibrated by measuring the thickness of as-grown In2Se3 films. In such way the flux ratio of Bi and In was determined for each x of (Bi1-xInx)2Se3, and the corresponding films were grown by simultaneously deposit Bi, In and Se atoms from independent sources. As-grown films were preliminarily characterized by reflection high-energy electron diffraction (RHEED) and STM. (d,e,f), the corresponding theoretically calculated band structure. The size of the band gap is also indicated. Figure 2 and Figure S1 present the band evolution of (Bi1-xInx)2Se3 films with systematic substitution and layer number control. Generally speaking, for all the spectra the Fermi level intersects the bulk conduction band due to the intrinsic doping from, e.g. Se vacancies. Nevertheless, we use terms like TI in the present work since we focus on the fundamental band structure rather than the transport properties that related to the position of chemical potential. We locate the position of the conduction band minimum (CBM) and valence band maximum (VBM) through 9 energy-distribution curve (EDC) analysis (see Figure S2 and S3 for detail). The gap size, i.e., the energy difference between the CBM and VBM, is shown for each substitution concentration in the corresponding panels. It is widely accepted that the surfaces of 3D TI host gapless Dirac cone in bulk crystals and thick films and this is exactly the case for Bi2Se3 films thicker than 6 QLs as shown in Figure 2a . Thus, for all the different numbers of layers, the bands of bulk and surface states can be distinguished by tracking their evolution back from the topologically nontrivial phase.
In the case of x=0 (Figure 2a) Figure 2d ). Note that theoretically there is always a small gap at the point due to the hybridization between the two surfaces, despite that the gap is too tiny and thus can be ignored within the experimental resolution. These results agree with previous works 15, 19 that, with decreasing layer number, a dimensional crossover from 3D TI to 2D GSS occurs at about 6 QLs in (Bi1-xInx)2Se3 for x=0. In Figure S3 we use 2 nd curvature method 30 to treat the ARPES spectra. With such treatment the surface dispersion and gap are clearly distinguished, clearly proving the existence of gapped surface states.
With increasing In substitution x, the critical layer number corresponding to gapped-gapless surface states crossover also increases. For x=0.02 ( Figure S1a and Figure S3b ), the surface state gap QLs, accompanied by the continued increase of gap size for the thinner ones. This helps us to roughly locate the 3D TI-2D GSS crossover point for x=0.02 around 8 QLs, for x=0.04 around 9
QLs, and for x=0.05 around 12 QLs. The DFT calculated band structures of (Bi1-xInx)2Se3 films with x=0.05 are also in agreement with those obtained from ARPES. We note that there is discrepancy between our calculation and experimental data for thick films at x=0.09, which may attribute to the experimental non-uniform substitution of In in these samples. 
Phase Diagram
To approach the (Bi1-xInx)2Se3 bulk TPT point, we increase x to 9%, 17%, 20%, and 33% ( Figure 2 and Figure S1 ). From the band structure shown for these substitution levels, no signature of Dirac cone nor surface states can be seen. We attribute the absence of the surface states to the TPT-resulted trivial topology in these films. This judgement is supported by the fact that the bulk gap size decreases with In substitution x for x≤0.05 but increases with x for x≥0.09, suggesting an inverted gap-closure and reopening process (see Figure 3a) . We thus conclude that (Bi1-xInx)2Se3
films (x>9%) are in the NI phase. Furthermore, for x<0.33, the Fermi level lies in the bulk conduction band for all the thickness. When x=0.33 (see Figure 4) , the bulk conduction band is almost invisible, with only a faint tail left, in agreement with the characteristic spectra reported as a variable range-hopping insulator. 22 In topological non-trivial area, with the increasing of x, the bulk gap decreases gradually, as summarized in Figure 3a and 3b, in contrast to the sudden gap-closure scenario observed in bulk crystals. 24 Correspondingly, the surface states penetration depth increases (Figure 3c ). Once the penetration depth is larger than the half of the film thickness, the top and bottom surface states begin to hybridize, leading to the gap opening in the surface states. The size of this hybridization-induced surface gap increases with substitution x, also summarized in Figure 3a . The crossover from 3D TI to 2D GSS (x=xH) is thickness-dependent. The thicker the film is, the larger 12 xH is. When x is close to the bulk critical point (xB), the bulk gap vanishes, resulting in an infinite surface penetrate depth. In this case, the (Bi1-xInx)2Se3 film will open a surface state gap regardless of the thickness, which is exactly what happens in previous works. [21] [22] [23] [24] At xB, the transition from 2D
GSS to NI happens, independent of the number of layers. We note here that, because of the quantum well states in thin (Bi1-xInx)2Se3 films, the negative bulk gap may not close at the bulk critical point. (b), the schematic of band structure evolution of (Bi1-xInx)2Se3 with increasing x for films thicker 
Topological nature of thin films
Our ARPES results not only show the bulk TPT and the dimensional crossover of (Bi1-xInx)2Se3
films (see Figure 3 ), but also reveal the topological feature of Bi2Se3 thin films as 2D GSS systems.
In principle, we can create a dynamical evolution process and see if TPT happens during the process by introducing an external knob, such as the strength of SOC, electric field or strain. By tuning the knob, we turn the initial state with unknown topological feature to a known final state, say, a NI state. If the initial state is topologically nontrivial, we would expect the band gap decreases to zero and reopens during the evolution; otherwise the initial state is topologically trivial. Here we consider such In substitution as an external knob that mainly modulates the strength of SOC of the system, while the lattice constant also decreases with doping. Figure 3a and 4a shows the gap 
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As shown in Figure 4b and 3a, for 10 QLs, the gap evolution has similar trend compared with those of 4 QLs for x≥0.05. On the other hand, although theoretically there is always a gap at Dirac cone due to the hybridization between the opposite surfaces in a thick film, the initial states of 7 QLs and 10 QLs films show "gapless" surface dispersion seen by ARPES as the thickness is larger than the twice of surface penetration depth. Consequently, for films thicker than 6 QLs, a dimensional crossover in topological nontrivial phase occurs before the TPT happens at xB. Therefore, it is not quite meaningful to treat these thick films as 2D gapped states and judge if the tiny gap is inverted or not.
Conclusion
Our work represents a systematic study of a classic 3D TI system in its ultrathin form with precise thickness and substitution control. The ARPES spectra clearly describe how the electronic structure evolves when both SOC and surface state hybridization come into play, making an essential step towards controlling topological phase evolution for fundamental research, material engineering and device fabrication. The combining ARPES and DFT band gap evolution analysis also demonstrates a practical solution to determine the topology of one particular phase through its phase evolution to another phase with known topology.
In the case of device fabrication for topology-based transport, the current conductive substrate, graphene on SiC, must be replaced for insulating substrate such as hexagonal boron nitride. Further experimental efforts are needed to optimize the growth parameters and explore potential issues such as the interfacial interaction between TI films and the substrate.
Methods
Sample preparation. We use SiC epitaxy 1~2 layers graphene as the substrate for (Bi1-xInx)2Se3.
The SiC substrates were first degassed by heating to 600℃ for 2 hours in the MBE chamber until the system returns to the base pressure. Then we heat SiC to 900℃ to remove the surface oxides. Density functional theory. We first calculate the electronic structures of bulk (Bi1-xInx)2Se3 alloys by first-principles calculations using the projector-augmented wave (PAW) pseudopotentials, 33 as implemented in the Vienna Simulation Package (VASP). 34 For the exchange-correlation energy, we used the screened hybrid density functional of the Heyd-Scuseria-Ernzerhof type (HSE06). 35 A 6×6×6 K-mesh is selected for the sampling of the Brillouin zone. The energy cutoff is set to 400 eV, while the total energy minimization is performed with a tolerance of 10 −6 eV. The ions are relaxed until the atomic force is less than 10 −3 eV/Å with fixed lattice constants a= 4.13 Å, c=28.58 Å which are consistent with the previously reported value. 28 Spin-orbit coupling is included in throughout the calculations self-consistently. We simulate the composition alloying effects by using virtual crystal approximation (VCA) method, 36 which considers a crystal composed of fictitious "virtual"
atoms that interpolate between the behavior of the atoms in the parent compounds. In our case, the potential of (Bi1-xInx)2Se3 alloy is generated by compositionally averaging the pseudopotentials of Bi and In, i.e., = + (1 − ) . We constructed Wannier representations by projecting the Bloch states from the first-principles calculations of bulk materials onto the p orbitals of the cations and anions. The band structures of the slabs with different quintuple layers are calculated in the tight-binding models constructed by these Wannier representations, [37] [38] [39] as implemented in the WannierTools package.
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